Downlink channel state information (CSI) is critical in a frequency division duplexing (FDD) massive multiple-input multiple-output (MIMO) system. We exploit the reciprocity between uplink and downlink channels in angular domain and diagnose the supports of downlink channel from the estimated uplink channel. While the basis mismatch effects will damage the sparsity level and the path angle deviations between uplink and downlink transmission paths will induce differences in channel supports, a downlink support diagnosis algorithm based on the DBSCAN (density-based spatial clustering of applications with noise) which is widely used in machine learning is presented. With the diagnosed supports of downlink channel in angular domain, a weighted subspace pursuit (SP) channel estimation algorithm for FDD massive MIMO is proposed. The restricted isometry property (RIP)-based performance analysis for the weighted SP algorithm is given out. Both the analysis and the simulation results show that the proposed downlink channel estimation with diagnosed supports is superior to the standard iteratively reweighted least squares (IRLS) and SP without channel priori or with the assumption of the common supports for uplink and downlink channels in angular domain.
Introduction
Spectrum and radio resources in the forthcoming new communication systems are valuable for efficient transmission. Cognitive radio technologies are used for spectrum sensing to reduce the spectrum idle rate, while compressed sensing technologies are applied to improve utilization efficiency of radio resource [1, 2] . Compressed sensing (CS) can be applied into a massive multiple-input multiple-output (MIMO) system for efficient transmission. It is crucial to have accurate channel state information (CSI) at transmitter for downlink beamforming in massive MIMO. In a time division duplexing (TDD) massive MIMO system, downlink CSI can be obtained by exploiting the channel reciprocity from the uplink channel. In frequency division duplexing (FDD) massive MIMO system, downlink CSI feedback is challenging since the training and feedback overhead are proportional to the antenna number at the base station (BS) if the feedback scheme in LTE is adopted [3] . Motivated by the framework of CS and the sparsity of massive MIMO channel in angular domain also known as spatial domain, applications of CS to massive MIMO channel estimation and feedback have been intensively studied.
In the compressive channel estimation, it can benefit from the CS technology to reduce the training and feedback overhead and profit from the priori knowledge about the channel support to improve the estimation performance further. The users feed the compressed training measurements back to the BS to reduce feedback overhead, and orthogonal matching pursuit (OMP) is used for downlink CSI recovery in [4] . In [5] , the modified basis pursuit (MBP) is proposed by utilizing the partial priori signal support information to improve the recovery performance. In [6] , Bayesian estimation of sparse massive MIMO channel is developed in which neighboring antennas share among each other their information about the channel support. A weighted CS-based uplink channel estimation is considered in TDD massive MIMO, and the previous estimated channel is used for generating weights for CS recovery in [7] . In [8] , the previous channel support is used for the initialization of the estimated support for subspace pursuit. In [9] , the authors consider the incorrect indices in the previous support set and exclude them adaptively. From these researches, it can be seen that support priori can improve the recovery performance in massive MIMO, and compressive channel estimation can benefit from support priori by channel reciprocity in TDD system. CS can also be used for channel estimation for FDD massive MIMO system in single-user (SU) scenario and multiple-user (MU) scenario. In single-user scenario, in [10] , it makes use of the previous estimated support information and the burst structured sparsity for massive MIMO channel estimation. In [11] , it separates the channel vector into a dense vector and a sparse vector and makes use of the previous channel to predict the dense vector by least squares algorithm and applies CS to estimate the sparse vector. In [12] , it examines the impacts on the training overhead in FDD downlink channel estimation when previous channel support information is applied into a weighted l 1 minimization framework. In multiuser scenario, in [13] , it proposes a close-loop pilot and CSIT feedback resource adaptation framework for MU massive MIMO, and the joint sparsity among users is used for compressive channel estimation. In [14] , a two-stage weighted block l 1 minimization algorithm is proposed for downlink CSI estimation in FDD massive MIMO system, and the priori knowledge that MU channels share common supports is used. In [15] , it takes a variational Bayesian inference-based approach for FDD channel estimation, and the partially joint sparsity shared by different users is captured. From the researches above, it can be seen that FDD massive MIMO channel estimation can benefit from the CS framework, and the support information from the previous estimated channel or from the structured sparsity among multiusers can improve the estimation performance.
On the other hand, in the FDD system, the propagation environment is almost the same for the uplink and downlink transmissions in short interval. The number of significant multipaths, path delays, and path angles are almost the same for uplink and downlink [16] . There exists reciprocity for uplink and downlink in massive MIMO in angular domain which can also be used for efficient compressive channel estimation. In [17] , it explores the reciprocal channel characteristics of the dominant propagation path in FDD for channel feedback; however, the CS framework is not adopted. In [18] , the joint overcomplete dictionary learning for uplink and downlink is proposed to get better channel estimation performance, and the dictionary learning is based on the assumption that the supports for uplink and downlink are common. It can be seen that reciprocity in angular domain exists, and the reciprocity can also be used in compressive channel estimation.
From the researches above, it can be concluded that the priori information, such as channel supports among neighboring antennas, or in adjacent time frames, or between uplink and downlink, can all improve the channel estimation performance. However, most of them rarely consider the basis mismatch effects which will deteriorate the sparsity. In [19] , a sparsity-enhancing algorithm is discussed for compressive estimation of doubly selective multicarrier channels, while the leakage effect is discussed but not for massive MIMO. It is not practical to assume the common supports for uplink and downlink channels in the FDD system. On the other hand, the reciprocity for massive MIMO uplink and downlink channel in the angular domain is not discussed adequately.
In this paper, we present an efficient channel estimation algorithm in massive MIMO FDD system. Specially inspired by priori knowledge of channel reciprocity in angular domain for uplink and downlink channels, we propose a weighted SP channel estimation with the diagnosed supports from the uplink channel. Moreover, the impacts on the sparsity caused by basis mismatch and angle deviation in massive MIMO are discussed. According to [20] , the radio paths are arriving in clusters with angle spread. By utilizing the cluster properties, we apply the DBSCAN algorithm (density-based spatial clustering of applications with noise) to extract the support information of the uplink channel, and a DBSCANbased support diagnosis algorithm is proposed to get the probable support of downlink channel, then a weighted subspace pursuit channel estimation is presented.
The contributions of the paper are listed as follows:
A channel support diagnosis algorithm based on DBSCAN is proposed, in which the reciprocity between uplink and downlink channels in angular domain is used.
A weighted SP algorithm is proposed for massive MIMO channel estimation, and the RIP-based performance analysis for weighted SP is proposed, which shows the superiority of the weighted SP compared with the standard SP.
The rest of the paper is organized as follows. The system model is described in Section 2. The support analysis of massive MIMO channel in angular or spatial domain is given out in Section 3. In Section 4, the weighted SP for massive MIMO channel estimation based on the diagnosed support is presented. The RIPbased performance analysis and simulations are illustrated in Sections 5 and 6. Finally, the conclusions are drawn in Section 7.
Notation: A T is a matrix composed of the columns of the matrix A of the set T. T c symbolizes the complementary set of T. resid(·) is the residue vector after projection operation, for example, resid(y, A) = y − AA † y, where A † is the pseudoinverse of the matrix A. δ k is the parameter for k-RIP condition.
System model
We consider a scenario of a single user in massive MIMO FDD and assume the BS is equipped with N antennas and the user terminal (UT) has a single antenna. For the uplink channel estimation, the uplink training received by the BS can be written as
where h u ∈ ℂ N × 1 is the uplink channel, a∈ℂ For the downlink channel estimation in the FDD system, the BS transmits the pilots to UT. The UT receives the pilots and feeds the received signal back to the BS directly as in [21] . The received signal y d at the UT can be written as
where Since the massive MIMO channel exhibits spatial sparsity in angular/spatial domain, CS can be applied to the compressive channel estimation with much less measurements which means that T d < N. In the compressive channel estimation, the uplink channel estimation in (1) can be represented aŝ
where D u ∈ ℂ N × N is the channel basis matrix for uplink channel, h u a is the sparse spatial representation with
u a is the estimated uplink channel in the spatial domain. Similarly, the downlink channel estimation in (2) can be represented aŝ
where
a is the estimated downlink channel in the spatial domain.
In most existing literature problems, (3) and (4) are solved separately. A more effective method is to solve (3) and (4) jointly. Channel support refers in particular to the set comprised by the locations of nonzero elements of channel representation in the angular/ spatial domain in this paper. In [18] , it is assumed that h 
Channel supports in massive MIMO spatial channel
We discuss the basis mismatch and leakage effects on the support in massive MIMO spatial channel first and then take the angle deviation between uplink and downlink into considerations for support analysis.
Mismatch of MIMO channel basis
In massive MIMO, the dominant physical paths between the transmitter and the receiver are relatively small compared to the number of antennas. For example, in the proposed channel model in the report 3GPP TS36.900 [12] , the number of dominating physical path is six. So there is channel sparsity in angular domain. Similarly, as we did in [22] , the massive MIMO channel can be given by
where H is the physical channel model of MIMO, a i is the attenuation of the ith path, and θ ti and θ ri are the angle of departure and the angle of arrival (Ω ti :=cosθ ti , Ω ri :=cosθ ri ), respectively; e r and e t are the steering vectors of the receiving and transmitting antenna arrays, respectively, and are given by
where d i and β i are the distance and large scale fading of the ith path, respectively, and Δ r and Δ t are the normalized separation at the receiving and transmitting antenna arrays by the wavelength λ c of the transmitted signal, respectively.
We formulate the uplink and downlink channel basis matrices as in [22] :
where L t = N t Δ t , and L r = N r Δ r . Then, the spatial massive MIMO channel can represented as
where H ′ is the MIMO channel in the angular/spatial domain. Then, the (kth, lth) entry in channel matrix H
where f r (•) and f t (•) have the forms as below:
If Ω rj and Ω tj are not equal to m/L r and n/L t in (12), there are leakage effects on the entries of H ′ ; then, we have
where the second part of (15) is the leakage effects of other paths. If the angle of departure (AOD) and angle of arrival (AOA) of the paths are integer multiples of 1/L r and 1/L t , most of the entries of channel matrix in angular/ spatial domain are 0. Otherwise, some entries of channel matrix in angular/spatial domain are not 0 because of the leakage effect even though there are no paths in the corresponding directions of the entries in channel matrix. It should be noticed that in the paper, the UT is equipped with single antenna; however, the analysis is also valid.
Support difference between uplink and downlink massive MIMO channel
In [23] , it is assumed that the propagation environment is static during uplink-downlink transmissions in FDD; hence, the same multipaths, UE positions, and DOA for uplink are also valid for downlink; however, the assumption is not always valid in practical scenarios. As shown in Fig. 1 , the DOA and AOA for uplink and downlink channels are not exactly the same but with some deviations. Based on the analysis of channel basis mismatch, the supports of uplink and downlink spatial channels are not exactly the same as shown in Fig. 1 . However, the probable support of downlink channel can be inferred from the uplink channel, which we call support diagnosis in the paper.
In the practical scenario, the angle of transmission path for uplink and downlink will change slightly because of UE movement and environment change. On the other hand, in the spatial channel model in 3GPP TS36.900 report, it assumes that there are six paths, but it demonstrates that the mean angle spread is 5°in suburban macrocell. Hence, it is practical to assume that the channel supports for uplink and downlink are partially common because of the angle deviation between uplink and downlink. Next, we will discuss the effects of angle deviation for uplink and downlink transmission on the channel supports.
Property 1: If the angle deviation for one path in uplink and downlink is Δ at BS as shown in Fig. 1 , the deviation of the support center is bounded by L r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2−2 cosΔ p . Proof: If we consider the angle difference for one transmission path and the AOA in the uplink at the BS is Ω ti :=cosθ ti , the DOA in the downlink at the BS is Ω ri : =cosθ ri . In a practical scenario, θ ti and θ ri are not equal and with the difference Δ. Then, we have
where tanφ = (cosΔ − 1)/ sin Δ. Then, if the angle difference is Δ, we have
If the channel basis matrices are given as (9) and (10), the sampling interval in channel basis is 1/L r ; the position change of the support center will be ⌈|cosθ ri − cos θ ti |/(1/L r )⌉ and can be bounded as
■ From property 1, it can be seen that support position is related to the antenna array size L r . The deviation of the support center is shown as Fig. 2b . In the following, we discuss the sparsity deterioration because of basis mismatch.
Property 2: The path angle arriving at the BS is θ, and Ω = cosθ. The channel basis matrices are defined as (9) and ( 
and we have
The absolute value of f r (Δ Ω ) is given by 
By utilizing the cyclic symmetry of Γ 2 k 0 þ1 , the sum leakage energy which is outside the region comprised by [k − Δk, ⋯, k, ⋯, k + Δk ] in the spatial channel are given by
Since P N i¼1 Γ 2 i ¼ 1 by the Parseval theory, property 2 is proofed. ■ From property 2, it can be seen that although there exists energy leakage because of basis mismatch, most of the energy is allocated around the support corresponding to the angle direction, and the leakage energy decreases in the rate of 1 πðΔk−1Þ . To illustrate these properties, we assume that the antenna number is 100; there are only three dominant paths. In Fig. 2 , it can be seen that the channel basis index or socalled the channel taps in the spatial domain are located in cluster. If the channel basis matches the channel angle perfectly, the sparsity is relatively good such as path 1 in Fig. 2a ; otherwise, the sparsity deteriorates such as path 2 and path 3. Meanwhile, if the angles of two paths are close, the amplitudes of the channel taps in spatial domain for them are superpositioned because of the leakage effects. In the ideal assumption, the AOA and DOA for uplink channel and downlink channel are common, but in the practical scenario, they are not the same. We assume the angle deviation for one path in uplink and downlink is within 5°randomly as [20, 24] ; then, as shown in Fig. 2b , it can be seen that the channel taps or channel supports for uplink and downlink in the spatial domain change slightly and are partially common as property 1. In the following, we will utilize these properties for downlink spatial channel support diagnosis.
Proposed methods
In this section, the support diagnosis algorithm is first proposed based on the reciprocity in angular domain for uplink and downlink channels; then, the downlink massive MIMO channel estimation algorithm based on the diagnosed support is proposed.
Channel support diagnosis algorithm
In this subsection, we propose the channel support diagnosis algorithm based on the analysis of basis mismatch and support difference between the downlink channel and uplink channel. Although the AOA and DOA for uplink and downlink are not exactly the same, the multipath number is common for uplink and downlink. Inspired by the clustering property of channel support in spatial domain, for example, there are three clusters in Fig. 2b , we apply the DBSCAN (density-based spatial clustering of applications with noise) algorithm to extract the multipath information in the spatial domain. Then, we infer the probable channel supports of downlink channel. The details of the support diagnosis algorithm are presented in Algorithm 1.
In step S1, the estimated uplink spatial channel is utilized for path number estimation by DBSCAN algorithm. The DBSCAN algorithm is a data clustering algorithm proposed by Martin Ester which is widely used in machine learning [25] . It is a density-based clustering algorithm in which it groups together points that are closely allocated and marks those as outlier points which lie in low-density regions. In DBSCAN algorithm, the points are classified as core points, density reachable points, and outliers. A point p is a core point if at least minPts points are within distance ε, and ε is the maximum radius of the neighborhood from p. A point q is reachable from p if there is a path p 1 , ..., p n with p 1 = p and p n = q, where each p i + 1 is directly reachable from p i . If p is a core point, then it forms a cluster together with all points that are reachable from it. For example, in Fig.  4, p 3 is reachable from p 1 , and p 1 , p 2 , p 3 , and p 4 are comprised as cluster 2. The detailed algorithm can be found in [26] .
By step S1, we can capture the multipaths in most conditions by DBSCAN except if the channel basis matches the path angle well or the leakage channel taps are not selected, for example, only one channel tap alone for the path is selected such as path 1 in Fig. 2a ; then, by DBSCAN algorithm, this alone channel tap will be omitted because it is in the low-density region such as point p n in Fig. 3 which is the inherent characteristic of DBSCAN. In order to avoid this situation, we add these channel supports manually in step S2. In this way, we can capture most of the channel supports and get the multipath information.
In the spatial channel, each path is corresponding to one cluster set. If the channel basis matches the path angle well, then there is no energy leakage, and the corresponding cluster set has only one element; otherwise, there are multiple elements in the cluster set. In step S3, we estimate the central support for each path by averaging the index value of each cluster set. For example, in Fig. 2a , the central support is 44 for path 2.
In step S4, we consider how to get the probable support of the downlink channel from the uplink channel support. If we consider the angle deviation between uplink and downlink, the change of channel tap index is within about AEL r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2−2 cosΔ p as property 1. If the antenna number is 100 and antennas are half-wave allocated, then L r = 50. If the angle deviation is about 5°, the channel index deviation is about ± 4.36. From the leakage effect analysis in the previous section, at most a percentage of 1 .
πðΔm−1Þ
of the energy is located outside a rectangular neighborhood of the central channel support with interval of ±Δm. For example, if we consider about 90% energy, then Δm = 4. We can diagnose the downlink channel supports in step S4 based on the uplink channel support information. The diagnosis procedure is as follows: firstly, we find the multipath number and the center support index p i of each path in the spatial domain; then, taking the angle deviations into account, it can be inferred that the center support index of each path change is within the range of
following, taking the basis mismatch effect and 90% energy criterion into consideration, the probable support index is within the range of ½p i −L r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2−2 cosΔ p −Δm; ⋯; p i þ L r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2−2 cosΔ p þ Δm; then, we can get the probable downlink channel support set.
Compressive downlink channel estimation with support priori
Firstly, the BS utilizes CS recovery algorithm for the uplink channel estimation, and UT feeds back the received pilot signal to the BS. At the BS, the channel support diagnosis procedure is carried out as Algorithm 1. In order to integrate the support diagnosis information of downlink channel into the CS algorithm, we assign a weighting matrix W = diag([w 1 , ⋯, w N ]) based on the diagnosed support information. The weights are given by
where 0 < σ < 1 is the penalty parameter and Ω d is the estimated downlink spatial channel support set. In the paper, we merge the weighting matrix into the subspace pursuit (SP) algorithm, and the details for the modified SP with support priori are presented in Algorithm 2. Compared with the standard SP, the main difference is the candidate support selection in step S1. In the standard SP, the n ′ largest magnitude entries are selected in the vector A H V k − 1 , while in the proposed weighted SP algorithm, the weighting matrix W takes into consideration which contains the priori information from uplink channel. It should be noted that the diagnosed support information can be merged into other CS recovery algorithms equivalently.
RIP-based performance analyses
In this section, we study the RIP-based performance of the proposed algorithm. The basic idea for the analysis mainly stems from Dai and Milenkovic in [27] but is with the consideration of the weights in (23) . Compared with the standard SP algorithm, the main difference in the proposed algorithm is the support updating step (S1) in Algorithm 2. In the following, for brevity y d is denoted as y and h d a is denoted as h. The following analysis uses several propositions from [27] . We bring these in this subsection first to keep the analysis complete. According to the definition of residue vector of V k − 1 , we can get
where T is the actual support of h, h p;
The fourth line in (24) is according to the definition of residual. The fifth line in (24) is according to the definition of projection. One can write
where T is the correct support set and Γ k − 1 is the estimated support during the (k − 1)th iteration in step (S3) of Algorithm 2.
Proposition 2 [(16) in [27] ]:
knk 2 , where T is the actual support set andΓ k and Γ k are the support sets during the kth iteration in steps S1 and S3 of Algorithm 2, respectively.
In step S4 of Algorithm 2, the residue vector is calculated after the new support set is obtained in step S2. The residue vector is shown as (24) . Proposition 1 and 2 give out the inequalities that h T −Γ k−1 and h p;Γ k−1 in (24) will satisfy. Since in our proposed algorithm only step S1 is different from the standard SP, propositions 1 and 2 can be applied directly. Then, we will consider the impacts of step S1 only on the estimation error.
Theorem 3: By using the weighing matrix W in (23), the proposed SP solution at the lth iteration satisfies the inequality as
Proof: According to the definition of Ω in S1 in Algorithm 2, then the leakage effect, and the slight deviation of AOA and DOA for uplink and downlink.
In Fig. 5 , the penalty value σ in the weighting matrix is 0.1. We compare the performance of the downlink channel estimation with different pilot lengths. It can be seen that with the increase of the downlink pilot length, the MSE performance for the four algorithms ((1) SP algorithms with no priori information as done in [4, 14] , (2) weighted SP with the same supports as uplink in [18] , (3) weighted SP with the proposed diagnosed supports, and (4) standard iteratively reweighted least squares (IRLS) in [28] ) are all improved which are in accordance with the results in the CS theory. The proposed recovery algorithm with diagnosed support has the best recovery performance and has higher MSE improvement gain by pilot increasing in the high-SNR region.
In Fig. 6 , we compare the performance of downlink channel estimation with different penalty values in weighting matrix in the proposed support diagnosis algorithm. It can be seen that weighting matrix with smaller penalty value in the proposed algorithm has better performance especially in the high-SNR region. From the simulation results, above it can be concluded that (1) the uplink channel can offer support information for downlink channel estimation. The support information is useful for the downlink channel recovery. (2) The assumption of common support for downlink and uplink channels is not practical. The estimation accuracy will deteriorate if the support difference is ignored. The proposed support diagnosis algorithm considers the basis mismatch and angle deviation for uplink and downlink which can improve the downlink channel estimation further. (3) The weighting matrix value is important for the proposed weighted SP algorithm; smaller penalty value in weighting matrix is preferred especially in the high-SNR region. In brief, the proposed support diagnosis algorithm is sufficient and beneficial for the downlink compressive channel estimation.
Conclusions
In this paper, we propose a downlink compressive channel estimation based on weighted SP for FDD massive MIMO systems, and the weighted SP makes use of the priori support information to improve the estimation performance. The reciprocity between uplink and downlink channels in angular domain is used for diagnosing the support priori information of downlink channel. The proposed support diagnosis algorithm considers the basis mismatch, leakage effect, and angle deviation for uplink and downlink channels and applies the DBSCAN algorithm used in machine learning to the channel support diagnosis. RIP-based analysis shows a better convergence and error performance of the proposed algorithm compared with the standard SP. Simulation results verify that the proposed algorithm improves the downlink channel estimation accuracy compared to the IRLS, the SP algorithm which does not utilize the uplink priori information, and the weighted SP which assumes that the downlink and uplink channels have common supports. 
